
JOURNAL OF PROPULSION AND POWER

Vol. 17, No. 6, November–December 2001

Numerical Simulation of Supersonic Air� ow
with Transverse Hydrogen Injection

E. von Lavante,¤ D. Zeitz,† and M. Kallenberg†

University of Essen, FB12, D-45127 Essen, Germany

Unsteady, three-dimensional, supersonic � ow with nonequilibrium chemistry in a square channel with trans-
verse hydrogen injection was numerically investigated. To this end, the concepts of large-eddy simulation were
applied to a model supersonic combustion chamber using a three-dimensional solver of the compressible Navier–

Stokes equations with chemical reactions developed by the present authors. The time-accurate computation was
accelerated by an implicit method and implemented on a massively parallel computer. The results of the present
three-dimensional simulation were analyzed with respect to their timewise behavior and compared, where appli-
cable, with two-dimensional predictions and experimental data obtained by other investigators.

Nomenclature
A; B; C = Jacobian matrices
e = total energy
OF; OG; OH = � ux vectors
I = identity matrix
J = Jacobian of the transformation
k = turbulent kinetic energy
L = limiter
M = Mach number
p = pressure
Q = vector of state variables
Re = Reynolds number
S = source term
T = temperature
t = time
U = velocity vector
u; v; w = velocity components
yC = wall distance
1C = forward difference
1¡ = backward difference
² = dissipation of turbulent kinetic energy
· = factor in MUSCL
»; ´; ³ = body-� tted coordinates
½ = density

Subscripts

i = index in x direction
ns = number of species
R = right
v = viscous
x = axial coordinate
0 = total quantity

Superscripts

n = timestep
ˆ = transformed values
¡ = time averaged
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I. Introduction

T HE recent research and development of high-speed-�ight ve-
hicles, supersonic or hypersonic, is spurring activity in corre-

sponding areas of scienti� c development.The increase of scienti� c
activities can be attributed to the reemerging interest in the concept
of the scramjet. Several nations are planning uncrewed hypersonic
research vehicles with the scramjet as the most logical choice of
propulsion. Typical representatives of these research vehicles are
the U.S. X-43A and X-43B with the ISTAR engine, developed as
NASA hypersonic propulsion demonstration vehicles, the station-
ary PTE and GDE hypersonic scramjet test engines, the French
VRR and A3CP, the French–German Japhar project, or the German
ELAC/EOS two-stage vehicle. All of these research vehicles are
intended to validate design tools that could be used in future de-
velopment of hypersonic propulsion technology.1;2 Detailed study
of some of the physical aspects of supersonic combustion has been
carried out by, for example, Brummund and Nuding.3 The conse-
quence of these experimental efforts is stronger involvement in the
scienti� c area of supersonic combustion.

The simulation methods of these types of � ows have reached a
certain degree of maturity, offering a choice of standard spatial and
timewise discretization procedures (for example, see Cox et al.4 or
Godfroy and Tissier.5 ) However, several problems remain. One of
the main dif� culties is the treatment of turbulence because none
of the models is adequate for these complex � ow cases. The inter-
action between the turbulent effects and the chemistry, in particular
the chemical rates of reaction, is dif� cult to predict numericallydue
to the uncertainties in describing this physical phenomenon theo-
retically. The ability of various turbulence models to predict the
mixing phenomena in a scramjet combustor was investigated by
Madabhushi et al.6 More recently, Chen and Shuen7 completed a
survey of numerical algorithms for solving the three-dimensional
Navier–Stokes equations with nonequilibrium detailed chemistry.
A corresponding computer code was put to practical use by, for
example, Chamberlain et al.8

The presentauthorshavebeen attemptingto simulatenumerically
reacting � ows in supersonic combustion chambers.9;10 For laminar
� ows, their predictions were satisfactory; the resulting turbulent
� ows, however, could not be considered adequately simulated due
to the absenceof turbulence–chemistry interactions.The increasing
complexityof the turbulencemodels, from simple zero-equational-
gebraic to two-equation (k–² ) models, did not bring any signi� cant
improvement.The multivariateassumed¯-probabilitydensityfunc-
tion (PDF) approachof accountingfor the turbulence–chemistry in-
teraction, described by Narayan,11 resulted in a gain of accuracy in
the cases discussed in their paper, at a modest increase of compu-
tational cost. However, assuming the shape of the PDF also results
in several problems. Here, the structure of the PDF is given, rep-
resenting a signi� cant simpli� cation of the real physical situation.
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Using the assumed PDF in the case of supersonic � ows makes it
impossible to consider the in� uence of compressibility effects or
chemical reactions on the shape of the temperature PDF. Here, it is
necessary to solve a full transport equation for the PDF distribution.

Usually, the strong couplingbetween the � uidmechanicand ther-
modynamic variables found in supersonic � ows requires the simul-
taneoussolutionof the PDF equationsfor the velocities,partialden-
sities and thermodynamicvariables.The correspondingalgorithmis
computationallyvery intensive and, in the case of supersonic � ows
with compressionshocks(presentcase), prohibitivelyexpensivedue
to the extremely high resolution required in the shock regions. Pos-
sible help is offered by the relatively new hybrid methods, where
the velocitiesareobtainedfroma Reynolds-averagedNavier–Stokes
(RANS) solver and the remaining scalar quantities are given by the
PDF-transport equations. This method has been introduced by, for
example, Möbius et al.12 The problem with this approach is that
turbulenceeffects are still subject to the usual modeling with all its
known problems.

A possible solution to the describedproblems is to employ large-
eddy simulation(LES) to resolve the low-frequency� uctuations,as-
suming that they contain most of the turbulent kinetic energy, while
implementing a subgrid model for the unresolved effects. The sub-
grid model should include � ne-scalemixing to accountmore realis-
ticallyfor the turbulence–chemistryinteractions.A modi� edversion
of the linear eddy model for subgrid combustion was developed by
Chakravarthy and Menon13 and, more recently, by Menon.14 This
subgridmodel was employedfor studyingthe propertiesof turbulent
premixed� ames in thecore regionofCouette� ow. Arunajatesanand
Menon15 used a simplerLES model for simulationsof � ow in a com-
pact incinertor.The LES equivalent to the PDF approach in the case
of the RANS solver are the � ltered density function (FDF) methods.
These ideas are relatively recent (for example, see Colucci et al.16)
and, therefore,are unproven on anything but the simplest test cases.

In view of the preceding discussion of the dif� culty to formu-
late an appropriatemodel for the turbulence–chemistry interaction,
as well as the turbulence alone, the present authors decided in the
initial phase of the present project to investigate the feasibility of
LES applied to a case of chemically reacting supersonic � ow of the
air–hydrogen system. The presence of a rather complex shock sys-
tem made the use of assumed PDF distributionsseem inappropriate,
while a full-scale Monte Carlo approach was too computationally
intensive.Lacking recentknowledgeabout theFDF methods,theau-
thors decided to take a simpli� ed approachsimilar to the mentioned
hybrid methods. The velocities where obtained from the LES simu-
lation in combinationwith a relatively simple Smagorinskysubgrid
model, the scalar temperature � uctuations were obtained from the
resolvedvalues while neglecting their subgrid component, and their
effect on the reaction rates was modeled. The unresolvedpart of the
mass fractions was neglected. A justi� cation for this assumption is
given subsequently in the correspondingsection of this paper.

II. Algorithm
In the present work, the � ow was assumed to be compressible,

viscous, and a mixture of thermally perfect species. Because of the
relatively low temperature and high pressure in the present con� g-
uration, the gas mixture can be treated as in vibrational (thermody-
namic) equilibrium. The governing equations were in this case the
compressible Navier–Stokes equations for ns species:
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where OF, OG, and OH are the � ux vectors in the corresponding »; ´
and ³ directions, Q is the vector of the dependent state variables
(½u; ½v; ½w; e; ½1; : : : ; ½ns /

T , and J is the Jacobianof the transfor-
mation of coordinates. The details of the governing equations are
given in Ref. 17.

A simple model according to Fick’s law for the binary diffusion
coef� cient was used, along with the Sutherland equation for the
viscous coef� cient. The chemical reactions for the H2–air combus-
tion were realized with an eight-reaction and seven-specie model
of Evans and Schexnayder,18 representing a compromise between
computationaleffort and complexity and physical reality.

Three different upwind methods were extended to chemical re-
action systems and are optionally available in the present computer
code. These methods are based on the work of Roe and Pike [� ux-
differencesplitting, (FDS)],19 van Leer (� ux-vectorsplitting),20 and
Liou (advection-upstream-splittingmethod).21 Best resultswere ob-
tained with the FDS scheme, making it the exclusive choice in the
present simulations.

A. Spatial Discretization

The present researchmostly employeda numericalschemebased
on Roe’s FDS in � nite volume form. This scheme was demon-
strated to be accurate, with relatively low dissipation and disper-
sion. Depending on the type of limiter and MUSCL interpolation,
this scheme was highly effective in providing accurate viscous re-
sults at a wide range of Mach numbers. In the present version, the
reconstructionof the cell-centeredvariables to the cell-interfacelo-
cations was done using a monotone interpolation as introduced by
Grossmannand Cinella.22 The interpolationslope was limited by an
appropriatelimiter, accordingto the previouslypublishedMUSCL-
type procedure (for example, see Ref. 9):
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usinga specialquadraticversionof the vanAlbada limiterdeveloped
by the present authors:
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Variation of the accuracy factor · and switching the limiter on or
off results in various schemes from simple � rst-order accurate up
to third-order formulation. In the present work, the second-order
accurate upwind biased Fromm scheme (· D 0) and the preceding
formof van Albada limiterhas beenused.The viscous� uxesFv; Gv ,
and Hv were centrally differenced.

The details of this scheme, with the correspondingmodi� cations,
are given by Hilgenstock et al.10 This includes also the positivity
preserving modi� cations in the sense of Larrouturou and Fezoui.23

B. Temporal Integration

Initially, the governing equations were integrated using a semi-
implicit method, with different multistage Runge–Kutta type
schemes used for the explicit operator. Only the chemical source
terms were treated implicitly,
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The numerical effort to invert the matrix D D I ¡ 1t .@ Sn=@Qn/
depends on the formulation of the Jacobian of the chemical source
terms. Several different forms of the Jacobian matrix, with increas-
ing complexityand accuracy,were implementedand compared.The
most obviouschoice is to invert the full ns £ ns matrix D. However,
it is a problem from the numerical point of view because the in-
version is CPU time consuming and the matrix D is usually ill
conditioned.This approach worked, but was rather inef� cient. The
next possibility to simplify the matrix D consists of dropping all of
the off-diagonal terms, while keeping only the diagonal terms. In
our case of eight reactions with seven species, this turned out to be
an effective means of accelerating the convergence, with stability
limits given by the acoustic wave speeds.

However, the highly restrictive time limit, caused by the � ne spa-
tial resolution, resulted in prohibitively slow rates of convergence.
Therefore, the fully implicit delta form of the governing equations
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was implemented. A; B, and C in Eq. (5) are the Jacobian matri-
ces A D @Fn=@Qn ; B D @Gn=@Qn , and C D @Hn=@Qn . In the present
work, the symmetricGauss–Seidel relaxationprocedurewas chosen
for the implicit operator.This schemeallows larger time steps,while
formally maintaining the same time accuracy on the block bound-
aries as in the interior of the computational domain. Without subit-
erations in pseudotime, the scheme is � rst-order accurate in time,
improving to second-order accuracy in time with the substepping.

Using a multiblock grid structure resulted in a � exible code with
the possibilityof working with differentchemicalmodels (nonequi-
librium, equilibrium,and frozen) in differentblocks.Besides, some
of the blocks were selectively re� ned, depending on the evolving
results. The present geometrical treatment of the computationaldo-
main was simple, yet � exible enough.

III. Turbulence
Previously, turbulence closure models based on statistical meth-

ods, such as the well known k–² model, were used by the present
authors and other investigators. The results were mixed, at best.
These methods utilize or imply a certain type of averaging of the
governing equations and require modeling of the correlationsof all
of the � uctuatingquantities that represent turbulence.In the present
work, the LES approach was deemed more appropriate. It sepa-
rates the � eld variables of the turbulent � ow into large-scale and
small-scale quantities. The large-scale parts are computed directly
by solving the � ltered governingequations,whereas the unresolved
small-scale quantities need to be modeled in terms of the resolved
variables.This was accomplishedby the subgrid-scaleeddy viscos-
ity model proposed by Smagorinsky.24

After the simulation was carried out for a time interval long
enough (at least three periods of the lowest frequency oscillation),
a timewise mean value of the state variables was computed. As-
suming again that the LES resolves the major part of the turbulence
spectrum, one can postulate that the resolved part of the timewise
� uctuation of temperature and species concentrationwill be repre-
sentative of the turbulence–chemistry coupling.Then, substracting,
for example, the mean temperature QT from the actual time-accurate
value will yield the � uctuation T 00:

T 00 D T ¡ QT (6)

with similar expressions for the species concentrations. When the
approach of Narayan11 is followed, the in� uence of the � uctuations
on thechemicalreactionmechanismcanbe incorporated.Atpresent,
only the in� uence of the temperature was considered. At � rst, ne-
glecting the mass-fraction � uctuations might seem unadvisable in
view of the usually strong coupling of the temperature � uctuations
with the partial density � uctuations.However, in the particularcase
simulated in the presentwork, where the combustion is mainly gov-
erned by the shock-induced combustion, the in� uence of the tem-
perature is much more signi� cant than that of the mass fractions.
Recently, this observation has been con� rmed by Sattelmayer.25

IV. Veri� cation
The present numerical algorithm was subjected to veri� cation of

its temporal and spatial accuracy and consistancy. The scheme is
formally second-order accurate in space because the viscous terms
are obtainedfromsecond-ordercentraldifferences.The schemewas
� rst veri� ed using the usual grid re� nement study for the case of
viscous � at plate � ow at a freestream Mach number of M1 D 0:5.
When the global error was de� ned as the L2 norm of the deviation
of the present solution from the Blasius solution, second-order ac-
curacy was veri� ed (von Lavante26). Next, the combination of the
present solution scheme with the physical test case and a typical
computational grid to be used was investigated in two dimensions
using � ve different grids. Again, a case of transverse hydrogen in-
jection through a two-dimensional slot of an equivalent width with
the same physical parameters has been selected. Because the � ow
after the injection slot was highly unsteady, the length of the sep-
arated region upstream of the hydrogen injection xsep represented
the global parameter used for comparison. Table 1 summarizes the

Table 1 Comparison of results
on different grids

Internal Number of blocks X sep ,
cells (Processing Units) mm

32 £ 32 4 53
64 £ 64 16 86
128£ 128 16 92
256£ 256 64 95
1024£ 1024 256 94

Table 2 Strouhal number in cylinder wake � ow

Researcher Method Strouhal number

Lugt27 Experimental 0.193
Truckenbrodt28 Experimental 0.192
Authors Numerical 0.194
Faden29 Numerical 0.198

Fig. 1 Turbulent kinetic energy, two-dimensional simulation.

results. Noted that the three � nest grids result in approximately the
same separation length.

The temporal accuracy was tested by simulating the two-
dimensional � ow about a circular cylinder with freestream Mach
number M1 D 0:1 and Reynolds number Re D 200. The resulting
Strouhalnumberof the vortex separationwas comparedwith known
experimental and numerical results in Table 2. The agreement was
rather good.

A corresponding grid re� nement study in three dimensions
was, unfortunately, not feasible due to the extreme amount of
computational resources necessary. When the results of the two-
dimensional re� nement study were considered, it was decided
that a three-dimensional grid of the size 256 (x direction) £ 128
(y direction)£ 32 (z direction) was suf� cient to resolve most of
the important features in the � ow� eld. In particular, the two-
dimensional simulations on the 128 £ 128 grid resulted in the tur-
bulent kinetic energy shown in Fig. 1. Although the authors fully
realize the limitations of a two-dimensional simulation and would
never try to call this LES, it is interesting that the location of the
largest � uctuations (in the free shear layer) and the increase of tur-
bulence intensity in the shocks could be recognized.

V. Parallel Implementation
Ideally, in a LES, turbulent eddies with as large energy contents

as possible should be directly simulated, making resolutions of an
order of magnitude below yC necessary.Because no preferentialdi-
rection is assumed, this very high resolution should be applied not
only normal to the solid walls, but in all spatial directions consid-
ered in that particular simulation. Additionally, the computational
grid should be uniformly distributed. Clearly, even if the speci� ed
requirements are somewhat relaxed, an extremely high number of
grid points (or cells in the � nite volume method) have to be uti-
lized. The corresponding computations can be carried out only on
the largest computers available. A performance that is adequate for
the LES is presently offered only on massively parallel computers.

Early in this work, it was decided to implement a data parallel
structure because the multiblock grid system already had data ex-
change between the blocks built in. The parallelizationwas accom-
plished using the Message Passing Interface library using standard
point-to-point communications.Only few global operations had to
be used.

The production runs were carried out on a Cray T3E us-
ing 128 Processing Units. Before this machine became available,
an IBM SP2 using 8 Processing Units and a cluster of Linux
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personal computers using up to 12 Processing Units were also
used. In the two-dimensionalcase, the maximum total grid size was
1024£ 1024 internal cells, although a 256 £ 128 grid was mostly
suf� cient. The present three-dimensional simulation was executed
using a 256 £ 128 £ 32 grid, assuming symmetric � ow in the cross-
wise direction. The more appropriate periodic boundary condition
resulted in an unrestrictedcrosswise velocity w. Note that the Cray
T3E, the IBM SP2, and, surprisingly,the Linux personal computers,
based on the Pentium II CPU at 300 MHz, demonstrated approx-
imately the same performance per Processing Unit. Furthermore,
because the present applicationis highly computationallyintensive,
the times necessary for interzonal communication were relatively
insigni� cant, resulting in very ef� cient parallelizationof the code.

VI. Test Case Con� guration
The geometry selected for the present test was relatively sim-

ple, consisting of a rectangular channel with a 0.06 £ 0.06 m cross
section. All of the opposite walls were parallel; the length of the
channel was approximately0.465 m. At a distance of 0.105 m from
the leading edge of the tube, hydrogen was injected from the upper
and lower wall through a dense row of small holes (0.002 m diam).
The � ow in these injection holes reached critical conditions. The
holes were very closely spaced at a distance of 4 mm between
their centers. The intention was to approximate two-dimensional
� ow conditions as closely as possible, thus enabling a comparison

Fig. 2 Schematic of the present � ow case.

Fig. 3 View of the block-structured computational grid.

with two-dimensional simulations. Unfortunately, it will be shown
later that even in this case the � ow at the injection location
was fully three dimensional. The basic geometry including in-
formation about the � ow conditions is shown schematically in
Fig. 2.

The structure of the multiblock computational grid used in the
present simulation is shown in Fig. 3. The location of the H2 injec-
tion holes, the physical size of the overall domain in meters and the
various boundary conditions are also indicated. The computational
grid consisted of 256 £ 128 £ 32 internal cells, arranged in 128
blocks.

A simpli� ed view of the � ow and the shock structure close
to the H2 injection hole has been published by, among others,
Ramakrishnan and Singh.30 The dominant features of this shock
system can be seen in Fig. 4.

The geometry and the boundary conditions of this con� guration
are described in detail by von Lavante et al.9 At the in� ow, the Mach
number was M D 2.97, the static pressure was p D 0.137 MPa, and
the static temperature was T D 1300 K. The hydrogen jet enters
at sonic conditions, at a static pressure of p D 0.4 MPa; its static
temperature was T D 350 K. The Reynolds number per one meter
reference length was in this case Rex D 1:7 £ 107. This case is of
particular interest because has been frequently used in numerical
simulations by other authors and has been experimentally investi-
gated by, for example, Quenett.31
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Fig. 4 Simpli� ed view of the shock structure around the injection.

VII. Results
The three-dimensional � ow simulation used the previously ob-

tained two-dimensional data as an initial condition. The two-
dimensional results were published elsewhere,9 so that only the
three-dimensionalresults will be discussedhere. First, the timewise
developmentof the � ow as it evolvesfrom the two-dimensionalcase
is discussed.A comparisonof the two-dimensionalresultswith their
three-dimensional equivalents demonstrates the importance of the
three-dimensionaleffects. The three-dimensionalcomputation was
started initially from the two-dimensional � ow distribution extra-
polated crosswise into the third dimension. At the initial time t0 the
length of the separated region xsep was 94 mm and the penetration
depth of the H2 jet, hpen, was 8.9 mm. Both values agreed fairly well
with the empirically determined dependency xsep D f .hpen/ given
by Ramakrishnan and Singh.30 Here, f is a linear function given
in graphical form. In the course of the computation, xsep decreased
until it reached its � nal averagevalue of 29 mm at time t0 C 790 ¹s.
Because of the unsteadycharacterof the � ow, the lengthof the sepa-
rated region� uctuatedabout the timewiseaverageby approximately
§1 mm. The penetration depth reached hpen D 3:3 mm and � uctu-
ated by approximately0.3 mm. Even in the three-dimensionalcase,
the tendency of the relationship between xsep and hpen is preserved
in that the separation length decreased with decreasing penetration
depth.

In Fig. 5, instantaneous velocity vectors in the vicinity of the
injection hole are shown. Clearly visible is the barrel shock, the
oblique bow shock, the free shear layer behind the H2 jet, and
the separation regions upstream and downstream of the injection.
The high resolution of the boundary layer can be seen in the two
magni� ed pictures.

The � ow forms a horseshoe vortex around the jet, thus reliev-
ing the pressure ahead of the injection. This � ow feature, visible
in Fig. 6, explains the much smaller separation region upstream of
the injection hole. In Fig. 6, the complex � ow at this location can
be seen, including a curved bow shock, the H2 jet, the extent of
the free shear layer, and its three-dimensional shape. After leav-
ing the injection hole at critical conditions, the jet expands and
forms several Mach disks. The H2 jet is unsteady, moving in
a circular periodic motion with a frequency of approximately
8 kHz. Consequently, the � ow� eld downstream of it is also highly
unsteady.

The same view, this time showing the water concentration, is
offered in Fig. 7. Here, the separated region ahead of the H2 jet can

Fig. 5 Velocity vectors on the centerline.

be recognized by the nonzero water concentration upstream of the
jet. In agreement with the experimentalmeasurements published in
Ref. 31, the H2O is carried upstream of the injection opening by
recirculating � uid in the boundary layer. Downstream of the region
immediately at the H2 jet where most of the H2O productionoccurs,
the � ow is basically chemically frozen, with H2O being convected.
Some of the H2 reacts with the surrounding air in the free shear
layer. The ondulation of the H2O contours is a clear indication of
the unsteady character of the � ow.

To evaluate the present results statistically and to obtain an indi-
cation of the vorticity induced in the � ow, the enstrophy,de� ned as
1
2 .r £ u0/2, was computed. The mean values of the velocity com-
ponents were obtained by averaging the results of the last 300 ¹s.
The result is given in Fig. 8. The H2 jet appears prolongated due
to a grid stretching in the direction perpendicular to the main � ow.
The top part of Fig. 8 shows a side view of the jet and a region
behind it; the bottom part shows a top view of the same � ow� eld.
One can recognize three areas of high enstrophy. First, the sides
of the jet are associated with high enstrophy due to the � uctuating
motion of the same. Second, behind the jet, there is an area of high
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Fig. 6 Density contours at the injection hole.

Fig. 7 Water concentration at the injection hole.

turbulence, enhancing the mixing of H2 and air and, therefore, also
the rate of combustion. Third, the boundary layer at the top wall,
especially under the horseshoe vortex, is highly vortical, re� ecting
an increased level of turbulence.This region is very thin and barely
visible in the side view, but is dominant in the top view.

The turbulent kinetic energy spectrum is shown in Fig. 9 at a
location 5 mm behind the H2 jet in the outer part of the boundary
layer, 1 mm off the centerline. Although part of the eddies with
the largest energy contents have been captured, only two orders of
magnitude are covered by the LES, whereas at least three would be

more desirable. On the other hand, it can be argued that most of the
combustion will take place outside of the boundary layer, mainly in
the unsteady region at and behind the H2 jet and in the free shear
layer downstream of it, where most of the larger eddies have been
resolved.

The measured31 and computed velocities at the end of the chan-
nel considered in the present simulation are compared in Fig. 10.
The three-dimensional simulation results in velocities that are in
fair agreement with the experimental data, although the measured
velocities were obtained by averaging over approximately 400 ¹s,
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Fig. 8 Isosurface of the grid scale enstrophy at and behind the hydro-
gen jet.

Fig. 9 Turbulent kinetic energy spectrum.

Fig. 10 Comparison of computed (present) and measured26 time-
averaged velocities at the end of the simulated channel.

whereas the numerically determined velocities were averaged only
over 90 ¹s. The two-dimensional results, on the other hand, agree
with the experiment rather poorly.

Finally, the simulated schlieren picture of the � ow at and down-
stream of the injection position is compared with its experimental
counterpart in Fig. 11. Although shown at a different vertical scale,
the similarity can be clearly recognized. In particular, the location
and shape of the oblique shocks and the extentof the turbulent shear

Fig. 11 Comparison of the numerical (lower) and experimental (up-
per) schlieren pictures of the reacting � ow at and downstream of
H2 injection.

layer agree rather well. The structure of the numerically generated
shear layer is similar to the experimental picture at the injection,
where the resolutionis suf� ciently high, but becomescoarserdown-
stream as the gird resolution rapidly decreases.

VIII. Conclusions
The main goal of the present work was the numerical simula-

tion of a small yet important component of a simple supersonic
combustion chamber. Here, the � ow� eld in a part of a supersonic
channel with transverse hydrogen injection, containing one injec-
tion opening,was predictedusing the presentsolverof compressible
viscous chemically reacting � ows. This con� guration is the subject
of experimentalstudiesbeingundertakenby many academicand re-
search institutions and is, therefore, of signi� cant importance. The
resulting � ow� eld was highly unsteady, with periodic motion of
the H2 jet and the free shear layer downstream of the location of
the injection port. Although no quantitativecomparison with corre-
spondingsteady-statecomputationshas been made, it can be argued
that the unsteady combustion process must be different due to en-
hanced mixing. The difference between the two-dimensional and
three-dimensionalresults was to be expected, but it was larger than
anticipated, making two-dimensional simulations of this class of
� ow questionable. Most of the experimentally observed � ow fea-
tures, such as barrel shock, bow shock, horseshoevortex, and sepa-
ration regions upstream and downstream of the injection port could
be recognized in the present numerical results.

The present LES was able to capture some of the large-scale tur-
bulent effects in the boundary layer downstream of the H2 jet and
in the free shear layer, at a signi� cant computational cost. Even so,
the resolution should be further increased in future work to capture
more of the turbulent kinetic energy spectrum. The effect of tur-
bulence on the nonequilibrium chemistry was accounted for only
by considering the temperature � uctuations. In the present special
case, this might be an acceptable simpli� cation, but generally, but
generally the PDF transport equations for mass fractions must be
considered as well.

Future work must concentrate on improving the chemical reac-
tion model, which is much too simple. The computer program must
be made more ef� cient by, for example, precomputingthe chemical
source terms only once into a matrix and interpolating the proper
values during the iterative solution process. The addition of a bet-
ter subgrid model or the implementation of the FDF equations are
necessary and will be carried out in the near future.

Acknowledgments
The present work was supportedby a grant from the German Re-

search Association.The major part of the computer resources were
provided by a grant from the High Performance Computer Cen-
ter for Science and Research at the Research Center Jülich GmbH,
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